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Abstract—We present a frequency domain solution to the then a necessary condition for the passivity of the sampled-
sampled-data passivity problem. Our analysis is exact in the data system is thaf’;; have relative degree one. Our work
sense that we take into account the intersample behavior of the 154 yerifies this result using different methodology. Reference
system. We use frequency response (FR) operators to first obtain o . .
necessary conditions on the sampling ratél’ and the relative [11] propqses an indirect solut|on.to the samplgd-data passivity
degree of the open-loop transfer functionGy; for achieving Problem in the state-space setting by checking whether the
a passive continuous-time closed-loop system. Then, assumingH..-norm of the Cayley transform of a sampled-data system
passivity of G11 and closed-loop stability, we derive a necessary s |ess than or equal to unity. Instead, in the present paper we
and su_fﬁcnent condition for discrete-time controllers_ that render find a direct frequency domain approach to the sampled-data
a passive closed-loop system. We apply the obtained results to -
the problem of stability of haptic systems. passivity problem. ) . .

Our presentation is organized as follows: We introduce the
'FR operators used to describe a sampled-data system in the
frequency domain in Section Il. In Section 1l we first find
necessary conditions on the open-loop syst@m and the
sampling periodT” for achieving a passive continuous-time

Sampled-data systems have been the subject of extensiised-loop system. Then, assuming passivity of the open-loop
research for over a decade [1]-[6]. The two main approact®stemG,, we derive a necessary and sufficient condition on
for the analysis of sampled-data systems have been the stiie-discrete-time controller that renders a passive closed-loop
space [3] and the frequency domain [5]-[7]. We will utilizesystem. The problem of the stability of haptic systems is then
the frequency domain framework of [5], [7] where the systemddressed using our passivity framework in Section IV and
is represented by frequency response (FR) operators. well-known existing results are reproduced.

The importance of verifying the passivity of a control Notation: Our notation is standard: We use capital letters
system is well understood [8]. One of its major uses is iior systems, and small letters for signals. We use the same
proving closed-loop stability in the presence of uncertainty; thtation for signals/systems and their Fourier transforms but
closed-loop interconnection of a time-invariant passive systehe distinction will be clear from the contex?™* is the adjoint
with another time-invariant passive but otherwise uncertaaf the operatorP and the complex-conjugate transpose when
system yields a stable system. An interesting and practidalis a matrix or a vector.
application of this is illustrated in [9], where sampled-data
passivity is used to prove the stability of a haptic device. The  !l- FREQUENCYDOMAIN REPRESENTATION OF
authors of [9] use energy methods and physical insight to SAMPLED-DATA SYSTEMS
find necessary and sufficient conditions for the passivity of In this section we describe how to find the transfer function
a sampled-data control system. It is our aim here to provi#i®m w to z of a closed-loop sampled-data system. Note that
a systematic method for the analysis and synthesis of subls is indeed a nontrivial problem because the closed-loop
problems, and we show that the results of [9] turn out to lsystem is composed of both continuous-time and discrete-
a special case of the general framework presented here. time subsystems, each having different frequency domain

In this paper we study the passivity problem of sampled-dapresentations. The key to unifying these representations is
systems, assuming linear single-input single-output systethe lifting operation [7].
and controllers. We start from the passivity condition on Consider the internally stable feedback connection of the
the closed-loop system and derive a necessary and sufficiégar time-invariant continuous-time systeh
condition on the controller. The works most closely related to P Gy Gio w
our's are [10], [11]. It is shown in [10] that if, in the general [ y ] = [ Ga1  Gao } { } J

set up of Figure 1, thd,, term of Gy, is zero (whereGy, and the linear time-invariant discrete-time controlléf,

is the transfer function from exogenous inputto output z . . i
9 u putz) through the sample and hold devic8sand H with sampling
This work was supported by the Air Force Office of Scientific Researdd€riodT'; see Figure 1. We assume tlGit1, G12, Ga1, Gaa,
under Grant FA9550-04-1-0207 and the National Science Foundation unggid K are all SISO (single-input single-output) systems.
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where

T ﬂ gzw@ + g:w@ > 0 <~ p* (gzwﬁ + g:w@)p >0
Un, n for all p with ||p|| = 1.
no ks

Define Ly = Ko (1 — Gagg Kp)~'. ThenG.,p = Guip +
G120 Lo G219, and (2) becomes

Fig. 1. The closed-loop system. Gowo + Goo = (3)
Giio + Gi1g + Gi20 Lo Gor0 + G319 Ly Giap > 0.
whereGiig, Gi2g, G210, G220 are defined as For notational clarity we define, for a given value &f the
T bi-infinite (diagonal) matrixA = G114 and the two bi-infinite
. vectors¢ = Gio9 andé = (Lg Ga19)*. Equation (3) now reads
Giig = G11(j0k) ,
_ A+ A+ ¢ +E¢C7 > 0. 4)
- ) Inequality (4) requires checking the positivity of a bi-infinite
: _ matrix. Yet an observation simplifies the problem; one can
o1 | 1—ed? rewrite (4) as
Gioo = | G12(jOr)— ,
7Ok T 1 1
At A+ SO+ — 5~ > 0,
Gorg = [ -+ Ga(jbe) -], or simply
© 1 _ -ib ‘ A+ A+ 9" —py™ > 0, )
Ga2o = Z WGm(]ak)» 1)
W 90 where ¢ = L(¢C+ &) andy = L(C - €). In (5),
A+ A* dependgom’}u only, while the twoone-dimensional

where . . . .
ok 4+ 0 operators (i.e., operators with one-dimensional range space)

0 = , k€Z, 0¢c]l0,2n). ¢ ¢* andy y* contain the controllef. In other words, in the
_ .T _ . frequency domain, closing the loop with a discrete controller
For a detailed derivation of the expressions for the aboyg, constitutes a two-dimensional perturbation of the infinite-
operators the reader is referred to [5], [12]. Let us emphasiggnensional open-loop systef .
the notational convention used above. For example, for a emma 1:A necessary condition for closed-loop passivity
given value of¢ < [0,2m) the diagonal operatoGiis iS s that G,y + G7,, have at most one nonpositive eigenvalue
composed of equally-spaced samples at frequenies= (equivalently, nonpositive diagonal element) for everye
(2km 4+ 0)/T, k € Z, of the transfer functiorGy1(j-), i.e., [0, 27).
QneZdiag{Gu(g@k)}kez- Proof: Assume Dy; = 0, i.e., Gi; has no direct
Let Ky = K(e’”) denote the z-transform (evaluated on thgsegthrough term. Then for everg the operatorGiig is
unit circle) description of the discrete-time controller. TheBompact [13, Chap. 8]. For a giveh consider the compact

the closed-loop transfer function is operatorA + A* = G194+ G}, Let us denote the ordered real
Gows = Gr1o + Gi20 Ko (I — Gaog Ko) ™! Garo. and nonpositive eigenvalues of a self-adjoint diagonal operator
P by Ni(P), i = 1,2,---; M(P) < X(P) < -2 < 0.
I1l. CLOSED-LOOPPASSIVITY Assume that\ + A* has two or more nonpositive eigenvalues,

) < ) < 0. i
This section contains the main results of the paper a)‘ (A+A%) < A(A+A") < 0. Then from [14], [15] it follows

uses the frequency domain framework of the previous section.

We consider the passivity, from input to outputz, of the MN(A+A* =) < N(A+A), i=1,2,--
closed-loop sampled-data system in Figure 1. We first find )

necessary conditions on the transfer functiém, (j-) and Which means that\ + A* — <" will also have at least
the sampling period’. Then, assuming passivity @f,;, we tvyo nonpositive eigenvalues. Now using the fact that the
derive a necessary and sufficient condition for the discrete-tifiigenvalues ofA + A* —y¢™ and A + A™ + ¢ ¢* — ¢ ¢
controllers K that yield a passive closed-loop sampled-dafgterlace [14], [15] we have that

system. AM(A+ A+ 6" — i) < Ap(A+ A —¢p*) < 0.

A. Necessary Conditions for Passivity HenceA +A* +¢¢* —¢* is not positive and the closed-loop

Consider the passivity of the internally stable closed-loosﬁ/ stem Is not passive.

. .. _|n the case ofD,; # 0 the spectra of the operatofs+ A*,
sampled-data system of Figure 1. A necessary and suffici nl « ; « . . .
condition for passivity is that e Yo, andA+ A" + ¢ ¢* — < 4" will all be shifted

by the amountD;; + D7,. Thus the results obtained above
Gowo + Giyo > 0 forall 6€|0,27), (2) extend to the case db;; # 0 and the proof is complete.m

)



Recall that since G119 + Gj;, = diag{(G11 + following set of equivalent inequalities

G11)(jOk)}kez, the eigenvalues o119 + G7,, are nothing § . .
but the set of real numbef{G11 + G3,) (j0k) }xez. Thus by A+ A+ ¢po" — ™ > 0

Lemma 1 if for some) € [0, 27) we have (;
A+ AN +opo* ¢ > 0
(Gi1 + G11)(jOr) < 0 for more than onek € Z, P 1
: Lo (;
then * , will have more than one nonpositive eigen-
G110 + Giig P g 1— 9" (A + A" + ¢¢") 1y > 0, 6)

value and the closed-loop system can not be passive.
Theorem 2:For a given sampling period’, a necessary We have effectively transformed the question of the positivity
condition for closed-loop passivity is that the Nyquist plot obf a bi-infinite matrix to that of a scalar. This, however, comes
G11 not reside in the left-half of the complex plane for anwt a price; the inverse of the bi-infinite matix+ A* + ¢ ¢*
frequency interval of length greater than or equalig/'T. has to be found. But for this we can use the matrix inversion
Proof: It is easy to see that if the condition in thdemma
theorem statement does not hold tHe¥, + G7;) (j0k) will . o o N
be nonpositive for at least two cgnsecutivelli)n(fyegé?rand A+ A +0607)7" = (A+ A7) = (A+ A0
k+1, and thusGy14 + G, Will have at least two nonpositive x¢ (14 ¢*(A+ A%t ¢>)_1 ¢* (A + A",
eigenvalues. The claim now follows from Lemma 1. =
Theorem 2 leads to the following necessary conditions fg? get

closed-loop passivity. YA+ A+ 90 T Y = (A + AT Y
(a) For the closed-loop system to be passive we Megd+ (v* (A + A*)719)(o* (A + A*) 1 o)
Di, > 0, where Dy, is the direct feed-through term B 1+ ¢*(A+A*)"1g '

of GG11. To see this, note that the Nyquist plot 6f; . .
tends toD;; asw tends to+oo. Therefore, if D;; + Thus inequality (6) becomes
D3, < 0 the inequality(G11 + G7,) (jw) < 0 will hold 1+ [W* (A + A*)~1 g2
on an unbounded frequency intenal € [wp, oo) for 1+ ¢ (A +A*)"1g
somewy, and closed-loop passivity can not_ be achieved Since A + A*
by Theorem 2. Furthermore, the assumptibp, = 0
places a restriction on the relative degreg®f (s). For
example, ifDy; = 0 thenG11(s) can not have relative (pyma == p* (A + A*)" I,
degree two, otherwise as tends to+oo the Nyquist
plot of Gy will approach the origin with at180 degree
phase. Thus the inequalityG1, + G7,)(jw) < 0 will
hold on an unbounded frequency interval and closed-lo
passivity can not be achieved. 114 (¢, > [ICIANENZ,
(b) If the systemG is such that(Gq; + G3;)(jw) < 0 for _
w € [w1,ws], or equivalently the Nyquist plag, resides ©F equivalently

> Yt (A + AT (D)

> 0 we can define a new inner product on a
subspace of?,

which induces a new norify||3 := (n, 7). Substituting =
(C+&)/V2 andy = (¢ —£)/+/2 back into (7) and simplifying

e%e arrive at

in the left-half of the complex plane far € [w:, wo], then 11+ (Gro0, Girp LiVAl2 > [1G1o6l2 1G5 LS. (8)
from Theorem 2 the sampling peri@dshould be chosen
such that ReplacingLy with Ky (1 — Gagg Kp) 71, (8) simplifies to

2m >l —w| = T < 2m Ky ' = (Gazo — (Gr26, Ga1g)a)l* > [1Grasl3 19510113 (9)

T jw — wi We have thus proved the following theorem, which is the main

result of this section.
B. Necessary and Sufficient Conditions for Passivity Assumigngheore_m 3:Assuming passivity of the open-loop system
; 11, an internally stable closed-loop sampled-data system is
PassiveG; O o1 1 : : :
passive if and only ifi{, " lies outside a disk with center

From Lemma 1 we know that a necessary condition for

closed-loop passivity is that the operai@rs + G;;, have G220 — (G120, G219)
at most one nonpositive eigenvalue, whétgs + Gi1y = and radius
diag{(G11 + G7)(j0k)}rez. This motivates us to assume 1G126la 1G310]1a
passivity of the open-loop systed;, i.e., we assume that
G4, is stable and for all 6 € [0,27), where(-, - ) is a weighted inner product
with weighting (G116 +G7,,) " and||-||% is the corresponding
(Gi1 + G11)(jw) > 0 forall weR. weighted norm. -

Remark 1:If D;; is zero, i.e., Gi; has no direct
This means that\ + A* = G119 + G,y > 0, and thusA + feedthrough term, the@..y + G}, is a compact operator [13,
A* + ¢ ¢* > 0. Applying the Schur complement we get theChap. 8] and hencéGi1¢ + G;,) " will be an unbounded



e have
1 1
___________________ ?_____,I Gu(s) = s b’ Gia(s) = P
| 1 1
i @ = ey YT Ty
5 whereb > 0 is the damping coefficient anch > 0 is the
-------------------------- 4 mass of the haptic actuator handle. It is easy to see that the
inequality (G11 + G;) (jw) > 0 holds for allw € R.
H - K| s Simple calculations give
1 — e 9 T

g229 - <g1207 g219>/\ = 2D 4 (bln 0/2)2 )
Fig. 2. Model of a haptic system considered in [9]. 5 . 1o 11— e—j0‘2 T2
1G126I3 11316113 = 02 64 (sin 6/2)2"

. . . - Definin
operator. This puts certain constraints on the admissitdad 9

1 so that each term in (7) is bounded, which translates to ro = —(1 — e T
restrictions on the relative degrees @f2(s) and Ga1(s) so 4 (sin/2)?’

that each term in (9) remains finite. For example, it can t%%bstituting into (9), and simplifying, we arrive at

shown that ifG11(s) has relative degree one théh,(s) and

G21(s) should have relative degrees one and two, respectively. 9 Ko <1 (10)
™ 2b + rg Ky

Remark 2:Notice that the evaluation of the terfs, -)» which has to be satisfied for evefye [0, 2r). This matches
and| - ||} involves the computation of infinite sums. Hagiwargrecisely the passivity condition given in [9], which was
et al[5] give a method for the calculation 9f,~ . G(j0k) obtained using energy methods and physical insight. We note
using the impulse modulation formula. Namely, for a systefat at this point the inequality (10) is a necessary condition
G with state-space descriptidl, B, C), for passivity. It will also become a sufficient condition once

it is established that the discrete-time controllérachieves
i . , closed-loop stability.
Z G(j0r) = eJGC(eJG — eAT)_1 B. P 4
e V. CONCLUSIONS ANDFUTURE WORK
We use the frequency domain and frequency response (FR)
We show that, with regards to passivity, closing the loop with

In this section we apply the results of the previous secti d.iscrete contrgll.eK F:onsti'Futes a two-dimensional pertur-
to find derive conditions for the passivity of a haptic syste ation of the infinite-dimensional FR operator corresponding

[9]. A haptic system is a device that mechanically simulates'd the open-loop SySteml}' Using this we derlye conditions
n G1; (the transfer function from exogenous input to output

virtual object or environment. One application of haptic syéj- h | q bound h i
tems is performing remote surgical operations. In Figure 2 tl%t e open-loop system) and an upper bound on the sampling

human operator is shown by the “operator” block and we refQferiod T that are necessary for closed-loop passivity of the

to what the operator sees, i.e., the system fiono z, as the samplehd-data system. ity 6F d closed-I bil
haptic system. The haptic system is composed of an actuai ofVe then assume passivity G4, and closed-loop stability to

handle which the human operator holds (shown by tlfﬂ; erive a necessary and sufficient frequency domain condition
math n the discrete controller that guarantees closed-loop passivity

block in the figure) and the virtual environment simulated b tth led-d N | h hat the i
the controller K, which interacts with the actuator through the sampled-data system. Namely, we show that the inverse

sample and hold devices. Hereand y are the velocity and of the controller transfer functiori(, !, should reside in the
position of the haptic system, respectively, anis the force exterior of a disk in the complex plane described by the system
feedback parameters, for all frequenciésc [0, 27).

Future work in this direction would include expressing the

The human operator is considered to behave gsssive - L o .
. : : . necessary and sufficient passivity conditions in state-space, and
but otherwise arbitraryimpedance [9]. Therefore, since the

feedback connection of passive systems is stable [8] theelaxmg the passivity condition o6,

stability of the overall haptic+thuman system is guaranteed

if the haptic system fromw to z is passive. If we consider ACKNOWLEDGEMENT

the dashed box as the syst&m we can apply the results of The first author thanks Payam Naghshtabrizi for many
the previous section to find conditions dii that yield the helpful discussions and for pointing out at least one major
passivity of G, . error in the original version of the paper.
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