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Abstract—We consider a class of spatially distributed sys- We show that for certain frequencies of the perturbation,
tems with spatially periodic coefficients. Frequency domain that are related to the parameters of the unperturbed system,
methods are used to convert a linear system belonging 10 the 3/2.norm shows significant increase. We refer to this as
this class into a family of infinite-dimensional LTI ones. . " .

The frequency and amplitude of the periodic coefficients _paramet.rlc resonance:. We_also give examples where the

are then treated as parameters. A perturbation analysis is rght choice of the perturbation leads to a decrease of the
then performed on the amplitude of the periodicity to find ~ H2-norm.

a computationally efficient method of calculating the H>- Our presentation is organized as follows: in Section Il we

Prgrrnér']rgegfet[%eende?cg_of thé’; T”Otrm. Og the arrtlphttu(;je and  review the frequency response representation of periodic

g y periodic coetcients Is demonstrated. operators. Section IIl introduces the perturbation analysis

. INTRODUCTION employed to analyze thé{>-norm of spatially-periodic
The H2-norm of a linear system is an indicator of thesyster_ns. Sections IV gnd V apply the methods of Section Il
0 various systems to increase or decreasétha@orm. We

amount of energy amplification by the system. While afl luded and directi for f Kin Secti
eigenvalue analysis determines whether or not a linegPncluded and suggest directions for future work in Section

system is stable, it lacks information about its transienY"

behavior, a phenomenon that depends on the coupling of the 1l. FREQUENCY REPRESENTATION OFPERIODIC
states and non-normal structures. THi&norm on the other SYSTEMS

hand captures such behavior, which makes it a valuable togl periodic Operators

in the analysis and synthesis of linear systems [1]. Let a(k,) and jj(k,) denote the Fourier transforfsf

2_ i i istri -
cently recaived atonton, One appcation of s hae boen [0 SPRlEl functonsi(z) and () respectivel. Ifu and
y ' PP are related by a linear operator, then so are their Fourier

:getL:Pglizt*%?i?]ncE;glnsér;ltc))s\?scéf [n?:]p[lzic[gﬁlo; tznitc:?nfg;transforms, and it is in general possible to write the relation
' P 9 ggtween them as

practical and theoretical interest. It has also been propos o
that certain spatially-periodic structures, called riblets, can 9(ky) = / G(ky, k) (k) dr, Q)
lead to a reduction of disturbance amplification in such —oo

flows. This serves as one of the main motivations of th@ere the function& (termed thekernel functionof the
present work. operator) may contain distributions in general.

In this paper we study th&?-norm of spatially-periodic |t is a standard fact that if the operat6r is spatially-
systems that are in the form of a spatially-invariant systefimvariant (i.e. it commutes with all spatial shifts), then its
with spatially-periodic coefficients. We use a frequencyepresentation in the Fourier domain is a multiplication
domain representation of periodic operators to convert thgperator [6], that is, there exists a functiofk,) such that
spatially-periodic linear system to an infinie-dimensional

ODE (i.e. an infinite number of coupled scalar ODES). Gka) = (ko) alks). @
Clearly, to calculate thé{>-norm of such a system, one This means that in (1)
has to first take a large enough truncation of the system G‘(hm) — G(ks) (ks — 5).

matrices. As a result, finding th2-norm can be a very

computationally-intensive task. For this reason we pursue@ne way to think about this is that spatially-invariant

perturbation approach to this problem. operators have Fourier kernel functiot¥k., ) that are
We consider the frequency and amplitude of the spatiallydiagonal”, i.e. they are a function of only, — . This

periodic coefficients as parameters. We then take the amp#ian be visualized as an “impulse sheet” along the diagonal

tudes of the periodic coefficients to be small and perform & = x whose strength is given by the functigik.).

perturbation analysis of th&?-norm. Finally, we compare We now investigate the structure of the kernel function for

the results for different value of the perturbation frequencyspatially-periodic operators. Consider a spatially-periodic
multiplication operator with period = %ﬂ of the form
This work is partially supported by AFOSR Grant FA9550-04-1-0207. Q
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From the standard shift property of the Fourier transform,
we have
Jka) = (ks — Q),

i.e. ¢ is a shift ofa. Such shifts are represented in (1) by
kernel functions of the form

Glky, k) = 0(ky — K — Q).

This can be visualized as an impulse sheet of constant
strength along the subdiagonal — x = Q.

Now consider multiplication by a general periodic func-
tion I' of period X = %” Let v, be the Fourier series
coefficients ofT, i.e.

Fig. 1. The kernel function of a general spatially-periodic operator

Z v M Let us return to the kernel representation (3). Now, to find

l=—0c0 9(k.) for a givenk,, one can imagine the action of (3) on
Using the above, the shift property of the Fourier transformi(x) as that depicted in Figure 2. Let us writg € R as
repeatedly, and the linearity of multiplication operators, we
conclude that

y(z) = T(z) u(x) Z Y (ke —19), peal ot i et
I=—oc0 . 9 —{)
i.e. § is the sum of weighted shifts ofi by integer )
multiples of (2. Thus, the kernel function of a periodic pure .o} —f- | - i m=0
multiplication operator is of the form e AN
Glky, k) = Z Y 8(ky — v —I9). et L {m=
l=—00 o+
This can be visualized as an array of diagonal impuls R X
sheets atk, — x = [Q with relative strength given by

i, the I'th Fourier series coefficient of the functidi(z).
Let us now look at the structure of a general periodic

operator. First, the cascade of a pure multiplication by,) 1 ¢ for somen € Z and#é € [0,). From (1) and (3)
e followed by a spatially-invariant operator with Fourier

Fig. 2. The action of the kernel function of a periodic operator

symbol §(k,) has a kernel function given by g0 +nQ) = / G0 4 n, k) (k) drk,
Gks) 8(ky — K — 1), oo
= ) a0+ nQ) ad +nQ - 19)

It is easy to see that sums and cascades of such basic pe-

riodic operators produce an operator with a kernel function z=;>o
of the form = > Gn-m(0+nQ) a6+ mQ).
Glks,r) = Z Gilks) (ke —r —12). (3t we define the bi-infinite column vectorsyy =
I=meo col{---,a(0 — Q),a0),a6 + Q),---}, and yy =

Such a kernel function can be visualized as in Figure 1. col{--. (6 — Q),7(#), (0 + Q),---}, then the above
In this paper, we consider spatially-periodic operatorgquality can be written in matrix form

with kernel functions of the form (3). These operators are _ -

completely specified by the sequence of functidfgk..)} - - - - -

It is interesting to observe certain special subclasses.

L g0(0—Q) G_1(6-9) §_2(0-Q)

1) A spatially-invariant operator has a kernel function vo = | - | e,
of the form (3) in whichg, = 01if I # 0 (i.e. it is L@ G0(®) 9-1(®

purely “diagonal”). G200+ 9Q) 310+ 9000 + Q)
2) A periodic pure multiplicationoperator has a kernel : :
function of the form (3) in which all the functiong
are constant in their arguments (i.e. it is a “Toeplitz
operator). v = Go ug.

.which we henceforth denote



k

Fig. 3. Interpretation ofjy as “samples” of;.

As 6 varies in[0,2), Gy fully describes the kerndf?.

Remark 1: Another way to interpret the bi-infinite matrix
representation introduced above is to thinkGef for every
givend, as a sample of the values@fat an array of equally
spaced points as shown in Figure 3. Ashanges irf0, 2),
this “sampling grid” slides diagonally o6

output. Ay, B, and C' are spatially-invariant operators
andI'(z) is a spatially-periodic multiplication operator, all
defined on a dense domai(A,) C L?*(—o0,0). I'(z)
has periodX = %’r and zero mean, andis a small real
scalar.

We assume thatl, defines an exponentially stab{e,-
semigroup onL?(—oo, o) [8]. Finally, for simplicity, we
assume thaB andC are constant matrices, and tfidt:) =
2L cos(Qz) for some constant matrik € C™*".

Then, as shown in the previous section, the representation
of the system in Fourier domain would be the infinite-
dimensional systefn

In this setting, the special operators discussed before have -

particularly simple forms.

1) A spatially-invariantoperator has the diagonal repre-

sentation

Go 0+n9) |

2) A periodic pure multiplicationoperator has thed¢
independent) Toeplitz representation

Y0

Go =

71

Y2

Before ending this section, we should mention that
can be seen as a lifted (in frequency) versiori.gt, ) [7].
Hence one can define a unitary operatdrsuch thatuy =
Mii, yg = My, and thusG, = MGM*. ltis easy to show
that if & € L?(—o0, ), then for any giver¥ € [0, ),
ug € 2. Clearly M preserves norms and

/_Oou* (z)u(z) dx = % _Ocﬂ*(kx) (ks ) dk,

IR I
25/0 Up Ug da:%/o trace(uaug) de.

I1l. PERTURBATION ANALYSIS OF THE H2-NORM

Let us now consider a system of the form

6tw($7t) - AI) ¢($vt) + B’U(Z‘,t)
= (Ao +Bel'(z) C)¢(x,t) + Bo(z,t),
y(t,.’b) = Cw(t7x)a

wherex € R, andy(z, t), for any given(z, t), is a vector in
C", u is a spatio-temporal input, andthe spatio-temporal

at’gbg(t) = (Aéo) + GBFC)’L/JQ(t) + Bgvg
= (Aéo) + eA(l))dJe(t) + By,
where
AP =1 A0 +n0) |,
AV —pre=| 0 A4 ,
A 0 E
and A, := BLC.
Define
Agle) = AP +eAW),
Po(e) = PO +ePV +EPP 4,

with P; (€) = Py(e). Notice that this implie®™* = P{™
for all m = 0,1,2,---. We want to findPém) by solving
the Lyapunov equation

Ag(€)Po(€) + Po(e)Aj(e) = —BB", 4)
4
(Aéo) JreA(U)(P(go) +e77§1) Jre27>é2) +o )+ (5)

(P + Py + EPD 4 ) (A + eAD) = -BB".

Our aim is to findPy(e) from the above identity and
compute theH2-norm of the system using [9]

IG|12 := % /OQ trace(CP(;(e)C*)dG.
It is easy to see from (5) that
APPE + PO AP = —BB”, (6)
APPY + PRADT = —(AVPP + PVAM), (@)
APPE 4+ PP AP = —(AVPY 4 PPAVY), (@)

2To avoid clutter, we henceforth drop the ® on the Fourier symbol
of spatially-invariant operators, and omit thesubscript for operators that
are independent of.



Now smceA( ) and BB* are block- diagonal in (6), so is from the first equation, thei (- ) from the second equa-
P{”. In (7), the right hand side operator has the structuréon, and so on. This “decoupling” of the subdiagonals
of being nonzero only on the first upper and lower blockwould not have been possible had we not employed a per-
subdiagonals, and hend@{" inherits the same structure turbation approach and had attempted to solve (4) directly.
(smceA(O) |s block diagonal). In the same manner, one can Returning to the calculation of thE2-norm, let us first

show thatPg is only nonzero on the main block- dlagonalsep)arate(gt;e blczc)k-diagonal part :%2) by rewriting it as
2 2

and the second upper and lower block-subdiagonals, andBe =Py + P, Where
on for otherPém). We have N
. P = PO +nQ) |,
P = R0 +nQ) |, ) @
_ andP,” contains the rest oP,™. Also, recall that
trace (77(2m+1)) =0, m=0,1,2,---.
. Now one can write the following
(1) _ - 0 P1(6 + nQ)
P@ - . ’ 2 1 @ *
Proene) 0 1618 = - / trace(CPo(c)C" ) df
S | ) % trace (cpgo’c* + eQCPf)C*)dG +O(eh)
‘ ' ' N (0) 2 +75(2) Hx 4
o . By (64 n) = g/o trace(CPe C"+eCPyC )d@—t—O(e ),
2
Py =1 . 0 Po(0 + n9) 0 R where the last equation follows from the fact that
i o ' trace(CPPC*) = 0. Next, usingP,” = M Py(k,)M*,
, where M is the unitary (lifting) operator defined earlier,
) . ) and
o : (m) CPYC™ = (MCOM*)(MPy (k) M) (MC* M)
It is important to realize that, not only 88" not a “full” — MOP(ENC M
operator, it has at mostn nonzero block-subdiagonals. we have - 0(ka) ’

Also, all Pém) for oddm are trace free operators.

Q 0o
Now returning to (6)- (8)739 , 7?(1) andP? are found ‘4 trace(./\/lC’Po(km)C*M*)dG :/ trace(CPo(k:m)C*)dkm,
by equating, element by element, the bi-infinite matrices o —oo

both sides of these equations. For example, (6) leads to with the same procedure appliedtttace<C7>é2)C*). Thus
Ao(0 +nQ)Po(0 + nQ) + Po(6 +nQ)Ag(0 + nQ)) = —BB*

1 oo
2 _ *
for everyn € Z, andé € [0,Q2). But notice that as: runs IGlz = Py [m trace(CPO(k-t)C +
over all integers and changes irf0, ?), k, = 6 +n% runs 2CPy(k )C*)dk +O(eh)
over all reals, and one can rewrite the above equation as * ¢ ’

Ao(ka) Po(ka) + Po(ke)Ag(ka) = —BB".

IV. AN EXAMPLE OF “PARAMETRIC RESONANCE’
As an application of the preceding discussion, we inves-
Applying the same procedure to (7)-(8), one arrives at tigate the occurrence of parametric resonance for a class of
Ao(ka) Po(ks) + Po(kn) A% (he) = — BB spatially-periodic systems. Let us take
x 0 xr) — 9

_ (12 _ 1.2N\2
Ao(ke) Py k) + P (k) Ay + ) = Aolka) = a0(ke) =~z ~ k)" <,
_(AIPO(kx L)+ Po(kz)AT), for some0 # kg € R, ¢ > 0, and assume tha® = C =1,

L=1 (I'(z) =2cos(Qz)), and henced; = 1.
Ao (ky)Pa(ky) + Pa(ky)Af(ky) = For scalar systems, the functiof%(k,) = po(k,) and

(AlPl(k Q) ot Pk - Q)A 4 Py(ky) = pz(kxzin the previous section simplify fo
AP (k) + Pk A7), Pl = gy
gl ) Palley) + Po(lea) Ak +2) = o) = s (i * i) ©

i m)
and_ so on for all nonzero d'390”5}|575§ m = 3’_4’ U 3To find p2(ksz) here, one needs to first fing (kz), but we have
Notice that from the above equations, one first fifid$-)  omitted the details for brevity.



and it is our aim to find thé{>-norm ag(ky) = —(k2 —1)2-0.1, B=C = 1. Clearly 4, =
1 [ ) . L, and we allowL to be either a purely real or a purely
%/ (po(kz) + €pa(kz))dks, + O(e').  (10)  imaginary scalaf.
The plots in Figure 4 show numerical calculations per-

From (9), po(ks) = 5 gz—pzyzr,- The first plot below formed in MATLAB. Notice that forA; € R the results
shows po(k.), while the second showsy(k, — Q) and are in complete agreement with those shown for the system
po(k. + Q) (dashed), for a given value ¢® # 0. As Q in the previous section, namely that th&-norm has local
increasego (k. — ) slides to the right angg(k, + Q) increases afl — 0 and the resonant frequendy,., =
to the left. From (9) it is clear that to fingy(-) for any 2k, = 2.

It is also seen that ford; € jR, one can actuallyeduce

IG5 =

— 00

the 72-norm at certain frequencies of the perturbation. In-
/\/\ terestingly, this reduction becomes negligible at the resonant
e 5 T T, frequencyQ,.., = 2k = 2.
AT R Remark 2:Again this is in agreement with the re-
N RN sults previously reported in [10], where it is illustrated
- kot 19 kg0 K that purely-imaginary (in generakew-symmetrjcperiodic

feedback acts as a form of damping and pushes the system
{nodes farther into the LHP, whereas purely real (in general

£, one would sum the two functions in the second pIOself—ad'oin) eriodic feedback will move the closed-loo
and multiply the result by the square of the first plot. The ) P P

interesting guestion now is, for what value(s)df (0, co) modes toward the RHP.
would theH2-norm in (10) be maximized.

One can easily see that 8s— 0, the peaks opy(- —?)
andpy (- +) merge toward that ofpo ( - ))2, namely to the e
peaks atk, = +ko, thusffoOO pa (k. )dk, grows, and hence
IG|l2 grows. (Remember thaty(k,.) is independent of?,
and thusffoC>O po(kz)dk, is constant.) This is intuitively

0
Spatial Frequency k

clear; asQ? — 0, the perturbation is tending toward a 6
constant function]'(z) = 2 cos(Qz) — 2, which shifts the LSSl
spectrum ofdy = ag toward the RHP and hence increases 50 s
the H?-norm. or *or
But we are more interested in nonzero frequen€idbat o
exhibit a local increase in th&2-norm. Now notice that a Yo es T as oz a8 s s
different alignment of the peaks can also occur which leads 1w
to another local maximum of thé/2-norm as a function L or
of Q. More specifically, this happens when the peak of EN 60-
po(- — Q) at k, = —ko + Q becomes aligned with the 5 purely real perturbation
peak of (po (- ))2 at k, = ko, and, simultaneously, the peak or | ‘ ‘ | | ‘ |
of po(- + Q) at2 ks = ko — Q becomes aligned with the o es - S
peak of (po(-))” atk, = —ko. Clearly this occurs when 0

_kO + Qres = kO — Qres = 2'Z€0~ |

-6 purely imaginary perturbation -

. p, (k) ok

This agrees exactly with the result obtained in [10], where
parametric resonance was shown to occur in the perturbatior | ‘ ‘ ‘ ‘ ‘ ‘ ‘

of the spectrum, for periodic perturbations whose frequency e Foquencyof perrbatones
satisfies the relatiof = 2kg.

Fig. 4. Graphs of Example 1
V. REDUCTION OF H2-NORM

In this section we continue with some examples that Example 2:The following system is motivated by chan-

demonstrate the affect of spatially-periodic perturbations of¢! flow problems. Take = C =[o1]. L=[17"],
the H2-norm of spatially distributed systems, and show that 1,

by appropr'iately' choosing the freguency of the perturbation Ao(ka) = _E(km +o) ) 0

one can either induce parametric resonance or reduce the Gk _E(kz +¢)

H2-norm of the system.

Example 1:Let us now perff_’fm a nur_nerlcal analysis of 4The physical interpretation of such an imaginary perturbation will be
the scalar system of the previous section. Takgk,) =  discussed in the next section.



The graphs in Figure 5 show simulation results foe 6,

which describes two identical systems coupled through the

c = 1. Clearly, the2-norm can be decreased by the theperiodic perturbation.

application of periodic perturbations with frequency around

Q =~ 0.7 and also for high frequencie&g > 3.5.

8

(P (k)

0
Spatial Frequency k
19.5 T T

. tr(P, (k) dk

I I I
0.5 1 15 2 25 3 35 4
Frequency of Perturbation Q

600 T

jl tr(P,(k)) dk

I I I
0 0.5 1 1.5 2 25 3 35 4
Frequency of Perturbation Q

Fig. 5. Graphs of Example 2

A. Interpretation of Imaginary States
It was shown above that one can decreaseHRenorm

VI. CONCLUSIONS ANDFUTURE WORK

We use perturbation analysis to find a computationally ef-
ficient way of calculating thé(2-norm of spatially-periodic
systems. We show that for certain classes of systems, the
periodicity can be chosen so as to increasefRenorm and
induce parametric resonance. An application of this would
be in mixing problems. It is also shown that th&-norm
can be made to decrease for an appropriate choice of the
frequency of the perturbation.

Our approach can also be used in systems with many
spatial directions. For example, consider the PDE

Y = Yy + Yoz + ctb + € cos(Qa)y

with y € [-1,1]) andz € R. To put this system into the
developed framework one would only have to perform a
discrete approximation of the opera@j.

Future research in this direction would include an
exact characterization of the frequencies for which the
H2-norm is most reduced. Also, one could consider more
general periodic coefficients, namely ones with higher
order perturbation terms and multiple harmonics of the
basic frequency. The perturbation methods presented here
could also be generalized to bi-infinite Sylvester equations,
which arise in many fluids problems.

of certain systems by choosing the perturbation amplitude
A to be purely imaginary (or, in general, skew-symmetric).
This would yield a perturbed system that can in general havé!
states with nonzero imaginary parts. One could then ask thg)
physical interpretation of such a system.

For any operatord,, and functiony) one can write

(3]
Ap :A,—‘,—]A“ A'HA'L' eRnxnv [4]
w:wr +Jl/1z7 wrﬂ/h'GRn-
Then the system equations can be written as [5]
8t("/’r +]w2) = (Ar +]Al)('(/)r +]wz)
(6]
)
ath = Ar'(/)r - A’L,(/)’L 7]
O = Arhi + Aity
i (8]
(9]

a '(/Jr _ Ar _Ai wr
i T L4 A [ ]
10
Clearly the state dimension is twice that of the origina‘ ]
system with imaginary coefficients, but nq\}q%;‘]ne R?",
Let us give a simple example. Assume the heat equation,
with 4; = je, e € R, i.e. A, = 92 — ¢+ jecos(Qz). Then
A, = Ay =0%—c, A; = A} = jecos(Qx), and thus
P Ve | 02 —c  —ecos(Qx) Uy
¢ i B 1/12

ecos(Qx) 22 —c

=([%o ol reeea F]) [1]
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